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Recently, Gonzalez-Dorrego has given a list of 9 different ways of constructing a 
nondegenerate (16, 6) configuration from a group of order 16 (up to automor- 
phisms and translations of the group). In this paper, using her algorithm with a 
minor correction, we obtain 27 such constructions, completing the list. It turns out 
that the Kummer configuration, which appears geometrically as 16 nodes and 16 
tropes of a Jacobian Kummer surface in p3, can be obtained in 24 different ways 
from 12 different groups. The configuration of type (A) arises in a unique way from 
the abelian group ~8 x ~2, and the one of type (B) is obtained in two ways from 
the groups 16F2b and Q8 x ~'2. © 1999 Academic Press 
1. INTRODUCTION 
A (16, 6) configuration is a 16 x 16 matrix (a U) whose entries are zeros 
and ones, with exactly 6 ones in each row and in each column. The rows of 
the matrix will be called points of the configuration and the columns 
planes of the configuration: the ith point belongs to the jth plane if and 
only if aij = 1. 
A (16, 6) configuration is called nondegenerate if every 2 planes have 
exactly 2 points in common. There are up to isomorphism three nondegen- 
erate (16, 6) configurations (see Gonzalez-Dorrego [2]). One of them, 
known to geometers in the nineteenth century, will be called the Kummer 
configuration. This configuration can be realized by 16 nodes and 16 tropes 
of a Jacobian Kummer surface, which is the Kummer surface of the 
Jacobian of an algebraic curve of genus 2 or a quartic surface in p3 with 
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exactly 16 nodes as singularities. For more details we refer, for example, to 
Keum [3]. The remaining 2 configurations are called the configurations of
type (A) and of type (B), respectively (Gonzalez-Dorrego [2]). 
Let F be a group of order 16 and G a group of order 32 containing F. 
Let Yl . . . .  , Y6 be six distinct elements in G\F .  With this data we associate 
the following (16, 6) configuration. Let the elements of F be points and 
the elements of G \  F planes. A point z ~ F is contained in the planes 
zyl , . . . ,  zy 6 and no other planes; or equivalently, a plane z ~ G\F  con- 
tains the points zyi-1,..., zy61 and no others. 
Let y be any element of G\F .  Let x~ := yiy -1, 1 <<_ i < 6. 
LEMMA 1 [1]. The data {F; Xl , . . . ,  x 6} determine the (16, 6) configuration 
completely (of course, changing the set {x 1 . . . . .  x 6} by an automorphism o fF  
or by a right or left translation in F gives an isomorphic onfiguration). 
LEMMA 2 [1]. Let F, x I . . . . .  x 6 be as in Lemma 1. The resulting (16, 6) 
configuration is nondegenerate if and only if every nontrivial element of F 
appears exactly wice in the set {xix~ 1I1 < i, j < 6}. 
Now one may try to classify groups of order 16 with a preferred subset of 
6 elements x 1 . . . .  , x 6 satisfying the second equivalent condition of Lemma 
2. In fact, Gonzalez-Dorrego [1] has given an algorithm for finding system- 
atically all such data and concluded that there are 9 such constructions. 
Using the same algorithm with a minor correction, we obtain 27 such 
data, establishing a complete list. Our final result is contained in Section 2. 
The algorithm is as follows. 
Consider a chain of surjective homomorphisms of groups 
F F:, (,) 
where F i is a group of order i. Such a chain always exists because the 
order of F is 16. The strategy is to first find all possible data for the image 
of {xl , . . . ,  x 6} in F 2 and then successively ift this data to F4, to F 8, and 
finally to F. At each step there are only two ways of lifting each element, 
and the number of data is diminished by translations in the group involved 
because translations f Fi (i = 2, 4, 8) always lift to F. 
We remark here that an automorphism of F i does not in general lift to 
F, so at the step F i (i = 2, 4, 8) we can identify data only up to translations 
of Fi. In this way we do not lose anything on the way to the final stage F, 
where we make identification up to automorphisms and translations. It
seems that the reason why the author of the paper [1] fails to obtain a 
complete list is that there identification is made up to automorphisms and 
translations of F~ at each step Fi.. 
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2. THE LIST 
There are fourteen groups of order 16 (cf. [4]). We use the same 
notation as in [1] for these groups, e.g., ~n = the cyclic group of order n. 
The calculation is quite tedious, but can be done by hand anyway. 
At  F 2 
~2, {0,0,0,0, 1, 1}. 
At  F 4 
~'4, {0,0,0, 1,2,3} or {0,0,1,1,2,2} 
~2 , {(0, 0), (0, 0), (0, 0), (1, 0), (0, 1), (1, 1)} or {(0, 0), (0, 0), (0, 1), (0, 1), 
(1, 0), (1, 0)}. 
At  F s 
~'s, {0,0, 1,2,5, 6} or {0, 1, 1,2,4,6}. 
~4 × ~2 (there are 4 possibilities modulo automorphisms and transla- 
tions of this group and 7 modulo translations only), 
{(0, 0), (0, 1), (0, 1), (1,0), (2, 0), (3, 0)}, 
{(0, 0), (0, 0), (0, 1), (1,0), (2, 0), (3, 1)}, 
{ (0, 0), (0, 0), (1,0), (1, 1), (2, 0), (2, 1)}, 
{ (0, 0), (0, 1), (1,0), (1,0), (2, 0), (2, 1)}, 
{ (0, 0), (0, 0), (0, 1), (1,0), (2, 1), (3, 0)}, 
{(0, 0), (0, 0), (0, 1), (1, 1), (2, 0), (3, 0)}, 
{ (0, 0), (0, 1), (1, 0), (1, 1), (2, 0), (2, 0)}. 
F2 3 (there is only 1 possibility modulo automorphisms and translations 
and 7 modulo translations only), 
{ (0, O, 0), (0, O, 0), (1, O, 
{(o,0, 0), (0, 0,0), (0,1, 
{(o, o, o), (o, o, o), (o, o, 
{ (0, O, 0), (0, O, 1), (0, O, 
{ (0, O, 0), (0, 0,0), (0, 1, 
{ (0, O, 0), (0, O, 1), (0, 1, 
{ (0, O, 0), (0, O, 1), (0, 1, 
0), (0, 1,0), (0,0, 1), (1, 1, 1)}, 
0), (0, O, 1), (1, O, 1), (1, 1, 0)}, 
1), (0, 1, 1), (1, O, 0), (1, 1, 0)}, 
1), (0, 1,0), (1, O, 0), (1, 1,0)}, 
1), (0, 1, 0), (1, O, 1), (1, O, 0)}, 
0), (0, 1,0), (1, O, 1), (1, O, 0)}, 
1), (0, 1,0), (1, O, 0), (1,0,0)}. 
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D 8 = (a, b: a 4 = b 2 = 1, ab = ba3), the dihedral group (there are 2 
possibilities modulo automorphisms and translations and 3 modulo transla- 
tions only), 
{1,1 ,a ,a  3 ,b ,azb},  
{1, b ,b ,a ,aE ,  a3}; 
{ 1, 1, a, a 3, ab, a3b}. 
Qs, the quarternion group; we can skip this case, because we can 
always avoid the possibility F 8 = Q8 (recall that we may choose the most 
convenient sequence (*) in each case). 
At F - -The  Final List 
~16, none. 
{ (0, 0), (1,0), (2, 0), (5,0), (0, 1), (6, 1)}; Kummer 
((0, 0), (1, 0), (2, 0), (4, 0), (1, 1), (6, 1)} ; of type (A). 
x 
{(0, 1), (0, 2), (0, 3), (1, 0), (2, 0), (3, 0)}; Kummer 
{(0, 0), (0, 1), (1, 0), (2, 0), (0, 3), (3, 2)}; Kummer 
{(0, 0), (0, 1), (1, 0), (1, 2), (2, 1), (2, 2)}; Kummer. 
x 
{ (0, 0, 0), (1,0, 0), (3, 0, 0), (0, 0, 1), (0, 1,0), (2, 1, 1) } ; Kummer 
{(0, 0, 0), (1,0; 0), (2, 0, 0), (0, 0, 1), (0, 1, 0), (3, 1, 1)}; Kummer. 
{(0,0,0, 0), (1,0,0, 0), (0, 1,0,0), (0,0, 1,0), (0,0, 0, 1), (1, 1, 1, 1)} ; 
Kummer. 1
a This corresponds to the classical Kummer (16, 6) configuration; 16nodes and 16 tropes of 
a Jacobian Kummer surface come from 16 2-torsion points and 16 theta divisors on the 
Jacobian of a curve of genus 2, and 2-torsion points of an abelian surface form a group 
isomorphic to F4. 
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D16 = 16F3al, the dihedral group, none. 
Q16 = 16F3a3 = (a, b: a s = 1, b 2 = a 4, ab = ba-1),  
group, 
{ 1, a, a 3, a 4, b, aZb} ; Kummer 
{ 1, a 3, a 4 , a 5, a3b, aSb} ; Kummer. 
16F3a 2 = (a ,b :  a 8 = b 2 = 1, ba = a3b), 
{ 1, a,  a 4, a 7, b, a2b} ; Kummer 
{1, a, a 3, a 4, b, aZb}; Kummer.  
D8 × ~'2 = 16F2a1, 
{(1, 0), (a,  0), (a 3, 0), (b ,  0), (1, 1), (aZb, 1)}; Kummer 
{(1, 0), (a,  0), (b ,  0), (aZb, 0), (1, 1), (a 3, 1)}; Kummer. 
16Fzd = (a ,b :  a s = b e = 1, ba = aSb), 
{ 
{ 
16Fzb = (a ,b ,c :  
{1, 
{1, 
16F2c a = (a, b: a 4 
{1, 
{1, 
{1, 
{ 1, a, a 3 , b, b 3, aZb z } ; Kummer.  
Q8 × ~2 ~-- 16Fza2, 
{(1, 0), ( - 1,0),  ( i ,  0), ( j ,  0), (1, 1), (k ,  1)}; of type (B) 
{ ( 1, 0), ( 1, 1), ( i, 0), ( - i, 0), ( j ,  0), ( - j ,  1) } ; Kummer. 
16F2c 2 = (a, b: a 4 = b 4 = 1, ba = a3b), 
{ 1, a, a 2, b, b 3, a3b 2} ; Kummer 
{ 1, a, a z, b, ab 2 , a2b 3 } ; Kummer 
{ 1, a, b, b e, aZb, a3b z } ; Kummer. 
the dicyclic 
1, a, a 5, a 6 , a4b, a6b} ; Kummer 
1, a, a 2 , a 5, b, a6b} ; Kummer. 
a 4 = b 2 = c 2 = 1, ab = ba, ac = ca, bc = ca2b), 
a 2, b, c, ab, ac} ; Kummer 
a, a 2, a2b, abe, aZc} ; of type (B).  
= b 2 = 1,(ab) 2 = (a - lb )  2 = 1), 
a, a 2, ab z , b, a2b 3} ; Kummer 
a, a 2, ab 2 , ab, a3b 3} ; Kummer 
a ,  b 2 , ab, a3b, a3b 2} ; Kummer  
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